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The mass parameter of dilaton space-times is obtained as a function of the redshift-blueshift
(zred, zblue) of photons emitted by particles orbiting in circular motion around these objects and
their corresponding radii. Particularly, we work with the generalized Chatterjee and Gibbons-
Maeda space-times. Both of them become the Schwarzschild black hole in certain limit of one of
their parameters. Bounds for the values of these frequency shifts, that may be observed for these
metrics, are also determined.
I. INTRODUCTION
Motivated by an increasing amount of observational
evidence that in the center of several galaxies there
is a black hole [1], Herrera-Nucamendi (hereafter ref-
ered to as HN) [2] developed recently, a theoretical ap-
proach to determine the mass and rotation parameters
of a Kerr black hole in terms of the redshift-blueshift
zred, zblue of the photons emitted by particles orbiting
around the black hole and the radii of their trajecto-
ries. In HN, an explicit expression for the rotation pa-
rameter a = a(rc, zred, zblue,M) was found, where rc is
the radius of circular orbits; however, the mass param-
eter M might only be found by solving an eighth or-
der polynomial. These circular orbits are required to
be bounded and stable. In this context, given a set of
observational data {zred, zblue, rc}, that is, a set of red
and blue shifts emitted by particles orbiting a Kerr black
hole at different radii, what one would like to know is
the mass and rotation parameters in terms of that data
set. A detailed analysis of how this can be accomplished
was recently performed in [3], where the mass of the
black hole for SgrA∗ and its corresponding angular mo-
mentum (recently estimated [4]: M ∼ 2.72 × 106M⊙
and a ∼ 0.9939M) were employed. In that work, it
was also found the mass parameter of axialsymmetric
non-rotating compact objects such as Schwarzschild and
Reissner-Nordstrom black holes in terms of the red-blue
shift of light and the orbiting radius of emitting particles.
In this analysis, we carry out this sort of study on
Einstein-Maxwell-Dilaton (EMD) spacetimes. Dilaton
fields coupled to Einstein-Maxwell fields appear naturally
in the low energy limit of string theory and as a result of
dimensional reduction of the 5-dimensional Kaluza-Klein
theory. As a candidate for dark matter, dilaton fields
have been employed to explain the large scale structure
of the universe [5] and at galactic level, to explain the
rotation curves [6]. A dilatonic compact object has also
been studied as a gravitational lens [7]. More recently,
the properties and dynamics of black holes within the
EMD theory has been considered [8]. In this paper, we
apply the HN approach to some static exact solution of
the EMD theory, namely, the Chatterjee class of solu-
tions [9] and the Gibbons-Maeda spacetime [10]. Both
solutions have the Schwarzschild black hole as a special
case in certain limit of one of their parameters, which
amounts to make the dilaton field vanish. In [3], an ex-
plicit formula ofM =M(rc, z) for the Schwarzscild black
hole was found, and it turned out that z is bounded as
|z| < 1/√2. Hence, a study of the influence of the dilaton
field upon attainment ofM =M(rc, z) and the bounds of
z is carried out in this analysis. We provide a brief sum-
mary of the HN theoretical scheme in section II, and in
section III we deal with the non-rotating examples above
mentioned.
II. H-N THEORETICAL APPROACH
Starting with a rotating axialsymmetric space-time
in spherical coordinates (xµ) = (t, r, θ, φ), the geodesic
equations for a massive particle stem from the La-
grangian given by
L = 1
2
(
gttt˙
2 + 2gtφt˙φ˙+ grrr˙
2 + gθθθ˙
2 + gφφφ˙
2
)
(1)
The photons emitted by this massive particle move
along null geodesics whose equations come also from
the same Lagrangian. We assume that the space time
is endowed with two Killing vectors ξ = (1, 0, 0, 0),
ψ = (0, 0, 0, 1), hence the metric and the Lagrangian de-
pend only on the variables r and θ ; thus, there are two
quantities that are conserved along the geodesics of the
massive particles
pt =
∂L
∂t˙
= gttt˙+ gtφφ˙ = gttU
t + gtφU
φ = −E,
pφ =
∂L
∂φ˙
= gtφt˙+ gφφφ˙ = gtφU
t + gφφU
φ = L, (2)
2where Uµ = dx
µ
dτ is the 4-velocity and τ is the proper
time. This 4-velocity is normalized to unity rendering
−1 = gtt(U t)2 + grr(U r)2 + gθθ(Uθ)2 + gφφ(Uφ)2
+gtφU
tUφ. (3)
Using (2), two of these 4-velocity components can be
written in terms of gµν , E and L as
U t =
gφφE + gtφL
g2tφ − gttgφφ
, Uφ = −gtφE + gttL
g2tφ − gttgφφ
. (4)
then (3) yields
grr (U
r)
2
+ Veff = 0, (5)
where Veff is an effective potential given by
Veff = 1 + gθθ
(
Uθ
)2 − E2gφφ + L2gtt + 2ELgtφ
g2tφ − gttgφφ
. (6)
Our aim is to get the parameters of an axialsymmet-
ric space-time in terms of the red and blue shifts zred
and zblue of light emitted by massive particles orbit-
ing around a compact object. These photons have 4-
momentum kµ = (kt, kr, kθ, kφ) and move along null
geodesics kµk
µ = 0. Using the same Lagrangian (1) one
obtains two conserved quantities: −Eγ = gttkt + gtφkφ
and Lγ = gφtk
t + gφφk
φ. By inverting these two expres-
sions one can write kt and kφ in terms of gµν , Eγ and
Lγ .
The frequency shift z associated to the emission and
detection of photons is defined as
1 + z =
ωe
ωd
=
−kµUµ|e
−kνUν |d . (7)
where ωe is the frequency emitted by an observer moving
with the massive particle at the emission point e and
ωd the frequency detected by an observer far away from
the source of emission, Uµe and U
µ
d are the 4-velocity of
the emitter and detector respectively. If the detector
is located very far away from the source (r → ∞)
then Uµd = (1, 0, 0, 0) since U
r
d , U
θ
d , U
φ
d → 0, whereas
U t = E = 1. The frequency ωe = −kµUµ|e is explicitly
given by
ωe =
(
EγU
t − LγUφ − grrU rkr − gθθUθkθ
) |e,
with a similar expression for ωd; hence (7) becomes
1 + z =
(
EγU
t − LγUφ − grrU rkr − gθθUθkθ
) |e
(EγU t − LγUφ − grrU rkr − gθθUθkθ) |d . (8)
This is a general expression for the red-blue shifts of light
emitted by massive particles that are orbiting around a
compact object measured by a distant observer. We shall
study the particular case of circular (U r = 0) and equa-
torial (Uθ=0) motion which simplify the expression (8)
to
1 + z =
(
EγU
t − LγUφ
) |e
(EγU t − LγUφ) |d =
U te − beUφe
U td − bdUφ
(9)
where the apparent impact parameter b = Lγ/Eγ of pho-
tons was introduced. Since it is defined in terms of quan-
tities that are conserved all the way from the point of
emission to the point of detection, one has that be = bd.
In addition, the kinematic redshift-blueshift of photons
zkin = z−zc was considered; here zc is the redshift corre-
sponding to a photon emitted by a static particle located
at b = 0
1 + zc =
U te
U td
. (10)
The kinematic redshift zkin = (1+ z)− (1+ zc) can then
be written as
zkin =
(U t − bUφ − 1Eγ grrU rkr − 1Eγ gθθUθkθ)|e
(U t − bUφ − 1Eγ grrU rkr − 1Eγ gθθUθkθ)|d
− U
t
e
U td
(11)
The analysis may be performed with either zkin using
(11) or with z using (8). We work with zkin in this paper.
The general expression (11) acquires a rather simply form
for circular orbits (U r = 0) in the equatorial plane (Uθ =
0)
zkin =
U tUφd bd − U tdUφe be
U td(U
t
d − bdUφd )
. (12)
In (12) we still need to take into account light bending
due to gravitational field, that is, to find b as a function
of the location of the emitter r: b = b(r). The criteria
employed in [2] to construct this mapping was choosing
the maximum value of z at a fixed distance from the
observed center of the source (at a fixed b). From kµk
µ =
0 with kr = kθ = 0 one arrives at
b± =
−gtφ ±
√
g2tφ − gttgφφ
gtt
, (13)
b± can be evaluated at the emitter or detector position.
Since in general there are two different values of b±, there
will be two different values of z of photons emitted by a
receding (z1) or an approaching object (z2) with respect
to a distant observer. These kinematic shifts of photons
emitted either side of the central value b = 0 read
3z1 =
U teU
φ
d bd− − U tdUφe be−
U td(U
t
d − Uφd bd−)
, (14)
z2 =
U teU
φ
d bd+ − U tdUφe be+
U td(U
t
d − Uφd bd+)
. (15)
For the case of static space-times, that is, for gtφ =
0, the apparent impact parameter becomes b± =
±√−gφφ/gtt and the effective potential (6) acquires a
rather simple form
Veff = 1 +
E2
gtt
+
L2
gφφ
. (16)
For circular orbits, Veff and its derivative
dVeff
dr vanish.
From these two conditions one finds two general expres-
sions for the constants of motion E2 and L2 valid for any
non-rotating axialsymmetric space-time
E2 = − g
2
ttg
′
φφ
gttg′φφ − g′ttgφφ
, L2 =
g2φφg
′
tt
gttg′φφ − g′ttgφφ
, (17)
where primes denote derivative with respect to r. Stabil-
ity of these circular orbits requires V ′′eff > 0. If we use
(17), a general expression for V ′′eff in terms of gµν and
its derivatives is found
V ′′eff =
g′φφg
′′
tt − g′ttg′′φφ
gttg′φφ − g′ttgφφ
+
2g′ttg
′
φφ
gφφgtt
, (18)
In the same way, using the explicit form of E and L, (17),
in (4) expressions for the 4-velocities in terms of solely
the metric components are obtained
Uφ =
√
g′tt
gttg′φφ − g′ttgφφ
, U t = −
√
−g′φφ
gttg′φφ − g′ttgφφ
.
(19)
and the angular velocity of the particles in these circular
paths becomes Ω =
√
−g′tt/g′φφ. Since b+ = −b−, the
redshift z1 = zred and blueshift z2 = zblue are equal but
with opposite sign: z1 = −z2, the explicit expression is
z1 =
−U teUφd bd+ + U tdUφe be+
U td(U
t
d + U
φ
d bd+)
. (20)
Moreover, if the detector is located far away from the
compact object rd → ∞, and as we mentioned before,
Uµd → (1, 0, 0, 0); hence, (20) becomes
z1 = U
φ
e be+ =
√
−gφφg′tt
gtt(gttg′φφ − g′ttgφφ)
. (21)
III. DILATONIC OBJECTS
Since Dilaton and Einstein-Maxwell fields appear in
the low energy limit of string theory and as a result of
dimensional reduction of five-dimensional Kaluza-Klein
theory, the four-dimensional effective action of these the-
ories can be written in the following form [13]
S =
∫
d4x
√−g [−R+ 2(∇Φ)2 + e−2αΦFµνFµν] (22)
where g = det(gµν), R is the Ricci scalar, Φ the dilaton
field, Fµν the Faraday electromagnetic tensor and α ≥ 0
the dilaton coupling constant whose value determines the
special theories contained in (22). While α =
√
3 leads
to the Kaluza-Klein field equations obtained by dimen-
sional reduction from the five-dimensional Einstein vac-
uum equations, α = 1 leads to the low energy limit of
string theory, and α = 0 leads to the Einstein-Maxwell
theory minimally coupled to the dilaton scalar field. The
field equations obtained from the action (22) read
(
e−2αΦFµν
)
;µ
= 0, (23)
Φ;µµ +
α
2
e−2αΦFµνF
µν = 0, (24)
Rµν = 2Φ,µΦ,ν + 2e
−2αΦ
(
FµσF
σ
ν −
gµν
4
FβγF
βγ
)
(25)
where a comma means partial differentiation and a semi-
colon represents covariant derivative with respect to gµν .
A. Generalized Chatterjee space-time
The generalized Chatterjee space-time was found some
years ago [9], and takes the form
ds2 =
dr2
(1− 2Mr )δ
+ (1− 2M
r
)1−δr2dΩ2 − (1− 2M
r
)δdt2
(26)
where as usual dΩ2 = dθ2 + sin2 θdφ2 and δ is a free
parameter. It possesses a dilaton scalar field yet without
electromagnetic fields. The dilaton field reads
e−2αΦ =
κ20
4
(
1− 2M
r
)−α√|1−δ2|
(27)
It is apparent that for δ = 1 the dilaton field becomes
constant and (26) becomes the Schwarzschild black hole
with its event horizon at r = 2M . For δ = 1/2, the
metric components are real provided that r > 2M . We
will restrict ourselves to the region r > 2M henceforth.
The solution (26) includes the following three known
cases (see the details in [9]):
41. δ = 1 corresponds to the Schwarzschild black hole.
2. δ = 1/2 and α =
√
3, the solution (26) reduces
to the Kaluza-Klein soliton solution which corre-
sponds to the Chatterjee solution.
3. δ = 2 and α arbitrary represents a black hole in the
dilaton gravity theory framework.
1. Case δ = 1
In [3] the relationship (21) for a Schwarzschild black
hole (θ = pi/2) turned out to be
M = rcF(z) where F±(z) = 1 + 5z
2 ±√1 + 10z2 + z4
12z2
.
(28)
being M the mass parameter, rc the radius of a massive
particle’s circular orbit that emits light and z its redshift.
These circular orbits are stable as long as V ′′eff > 0. Since
V ′′eff =
2M(rc − 6M)
r2c (rc − 2M)(rc − 3M)
, (29)
is positive provided that rc > 6M ; then
rc
M = F−1 > 6
which is fulfilled if and only if |z| < 1/√2 and solely for
the minus sign F−(z). Therefore, a measurement of the
redshift z of light emitted by a particle that follows a
circular orbit of radius rc in the equatorial plane around
a Schwarzschild black hole will have a mass parameter
determined by M = rcF−(z), and z must be such that
|z| < 1/√2.
The energy, angular momentum, velocities U t, Uφ and
the angular velocity of the emitter, can be computed from
(17), (19) and written as function of the measurable red-
shift z and radius rc of the circular orbit of the photon
source [3]. Since |z| < 1/√2, all these five quantities
E2, L2, U t, Uφ,Ω are bounded by z given a specific cir-
cular orbit of radius rc.
2. Cases δ 6= 1
For the Schwzarschild black hole, the redshift is
bounded as |z| < 1/√2. We will determine now whether
z is bounded for δ 6= 1 and the dependance of the mass
parameter M in terms of the frequency shift of photons
emitted by particles traveling in circular orbits of radius
rc, that is, M = M(rc, z) will be found for any given
δ 6= 1. To that end, we start with the relationship (21)
which for this metric becomes
F (M ; r, z) = z2 [r −M(1 + 2δ)]
(
1− 2M
r
)δ
− δM = 0.
(30)
There is no analytic solution for this equation for arbi-
trary δ, its roots have to be found numerically. Circular
orbits on the equatorial plane exist provided that the fol-
lowing two conditions
E2 =
(
1− 2M
r
)δ
r −M(1 + δ)
r −M(1 + 2δ) > 0
L2 =
(
1− 2M
r
)−δ
Mrδ(r − 2M)
r −M(1 + 2δ) > 0 (31)
are simultaneously fulfilled. Since r > 2M , L2 is positive
as long as r − M(1 + 2δ) > 0, the fulfillment of this
inequality also guarantees that E2 > 0. Stability of these
circular orbits requires
V ′′(r) =
2Mδ
[
(2 + 6δ + 4δ2)M2 + r2 − 2Mr(1 + 3δ)]
r2(r − 2M)2(r −M(1 + 2δ))
(32)
be positive. For δ < 1/
√
5, it turns that V ′′ > 0 for all
r > 2M and r > M(1 + 2δ) (which are the conditions to
have circular orbits). For δ ≥ 1/√5, (32) can be written
as
V ′′ =
2Mδ(r −MΛ+)(r −MΛ−)
r2(r − 2M)2(r −M(1 + 2δ)) , (33)
where Λ± = 1 + 3δ ±
√
5δ2 − 1. From this expression, it
is apparent that circular orbits will be stable for either
Λ+ < r/M or r/M < Λ−. To perform the analysis, we
proceed in the following manner: for a fixed value of δ,
a domain Dr,z = (rmin, rmax) × (zmin, zmax) is set and
a search for positive roots of (30) is carried out. We
numerically find these roots using a hybrid algorithm, a
combination of bisection and Newton-Raphson methods
[11]. At some points of the domain Dr,z there are more
than one positive root of (30). We then test whether
the conditions (31) and V ′′ > 0 for circular and stable
orbits are simultaneously satisfied. Those roots of (30)
at a point q ∈ Dr,z that do not fulfill the conditions for
circular and stable orbits are discarded. What we have
found is that, not for every single point q ∈ Dr,z there
is a root of F (M ; r, z) = 0 that leads us to a circular
stable orbit of radius rc followed by a photon emitter
particle; only in a subset D ⊂ Dr,z does such a mass
parameter exist. Moreover, in all the surveys we have
done on domains with different sizes, in every point q ∈
Dr,z the parameter M attained is unique. We work with
geometrized units (G = c = 1) and we scale M and r by
a multiple of the solar mass pM⊙.
We show the plots of M = M(z, rc) in figure 1 for
the three special cases: Kaluza-Klein soliton (δ = 0.5),
Schwarzschild black hole (δ = 1) and Dilaton black hole
(δ = 2). It can be seen that as δ increases its values, the
mass obtained decreases and it is symmetric with respect
to the frequency shift z (zred > 0 and zblue < 0). Given
5a set of N pairs {rc, z}i of observed redshifts (blueshifts)
z of emitters traveling around a Chatterjee object along
circular orbits of radii rc, a Bayesian statistical analysis
could be carried out in order to estimate the black hole
mass parameter.
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FIG. 1. Mass parameters in terms of redshift (z > 0) or
blueshift (z < 0) of photons emitted by particles in circular
orbits of radius r around Chatterjee space-time. The upper
graph corresponds to the cases of Kaluza-Klein soliton (δ =
1/2), the middle graph corresponds to Schwarzschild black
hole (δ = 1) and lower graph corresponds to a black hole
in the dilaton gravity framework (δ = 2). M and r are in
geometrized units and scaled by pM⊙ where p is an arbitrary
proportionality factor.
In regard to the frequency shifts bounds, for δ > 1/2,
for each δ there is a zb such that for |z| < zb, there exists
a unique value of the mass parameterM(rc, z), and zb(δ)
does not depend on the radii rc of the circular orbits of
photon emitters. zb = zb(δ) is shown in the upper plot
of figure 2, asterisks (in blue) represent the three known
cases: Kaluza-Klein solution (δ = 1/2), Schwarzschild
black hole (δ = 1) and dilaton black hole (δ = 2). For
δ’s in a small vicinity of unity, the bound zb varies little
around 1/
√
2 which is the Schwarzschild frecuency shift
bound. For δ ∈ (1.7, 3), |zb − 1/
√
2| < 0.04. Nonethe-
less, for δ ∈ (1/√5, 1/2), there is a significant departure
from that Schwarzschild bound; furthermore, there are
two frequency shifts regions where there is a positive root
M(rc, z) of (30) corresponding to circular and stable or-
bits of photon emitters. The lower plot in figure 2 shows
these two regions: |z| > zb2 and |z| < zb1 are physically
aceptable. For 0 < δ < 1/
√
5 the stability condition
V ′′ > 0 always holds and there is no bound for z.
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FIG. 2. The upper plot shows the value zb = zb(δ) such that,
for |z| < zb there exists a unique value of the mass parameter
M(r, z). Asterisks (in blue) represent the three known cases:
Kaluza-Klein solution (δ = 1/2), Schwarzschild black hole
(δ = 1) and dilaton black hole (δ = 2). In the lower plot, the
two regions |z| > zb2 and |z| < zb1 are physically aceptable.
The upper plot in figuer 3 shows the frequency shift |z|
as function of r/M for δ = 0.45. There is a discontinuity
in the frequency shift values physically acceptable corre-
sponding to |z| > zb2 (green curve) and |z| < zb1 (red
curve). The lower plot shows |z| = |z|(r/M) for δ = 0.5
(red curve) and δ = 2 (green curve). In the upper and
lower plots, the dashed black curves correspond to the
Schwarszchild black hole. For δ’s not close to unity, there
is a evident departure from the Schwarzschild curve that
might allow us to distinguish (if observational data were
available) whether a Schwarzschild or Chaterjee space
time is in the center of a galaxy.
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FIG. 3. The upper plot (δ = 0.45) has a gap corresponding
to |z| > zb2 (green curve) and |z| < zb1 (red curve). The
lower plot shows |z| = |z|(r/M) for δ = 0.5 (red curve) and
δ = 2 (green curve). In both plots, the dashed black curves
correspond to the Schwarszchild black hole.
B. Gibbons-Maeda space-time
The Gibbons-Maeda metric could represent a charged
static black hole with a scalar field [10]. This metric reads
ds2 = −(1− 2M
r
)dt2 + (1− 2M
r
)−1dr2 + r(r − Q
2
M
)dΩ2
(34)
For Q = 0 (34) becomes the Schwarzschild black hole.
We shall work in the region r > 2M . Particles will follow
circular and equatorial orbits in Gibbons-Maeda space-
time provided that
L2 =
2r(Q2 −Mr)2
2M(2Q2 + r2)− (6M2 +Q2)r > 0
E2 =
(r − 2M)2(−Q2 + 2Mr)
2M(2Q2 + r2)− (6M2 +Q2)r > 0. (35)
L2 > 0 holds if and only if
P (r,M) = 2M(2Q2 + r2)− (6M2 +Q2)r
= 2M(r − r−)(r − r+) > 0 (36)
where
r± =
6M2 +Q2 ± 6
√
(M2 −Q2/2)(M2 −Q2/18)
4M
(37)
In order for r± to be real, 2M
2 > Q2 must be required.
Since for Schwarzschild black hole, circular orbits exist
solely for r > 3M and r− → 0 and r+ → 3M as Q→ 0,
we work in the region r > r+. It turns out that r > r+
and 2M2 > Q2 imply the fullfilment of E2 > 0. Circular
orbits are stable as long as the condition
V ′′ =
−4M2(2Q4 − 6MrQ2 +M(6M − r)r2)
P (r,M)r2(Mr −Q2)(r − 2M) > 0,
(38)
holds and this is so as long as Mr3− 6M2r2+6MQ2r−
2Q4 > 0. The relation that connects M, r,Q2 and z
comes from (21) and it reads
z2 =
2Mr(Mr −Q2)
(r − 2M) [2M(2Q2 + r2)− (6M2 +Q2)r] (39)
In order to findM =M(rc, z;Q
2) one has to solve this
cubic equation for M . Equation (39) have either three
real roots or one real plus two imaginary roots. We keep
only the real positive roots M =M(rc, z;Q
2) that fulfill
the conditions for circular and stable orbits and it turns
out that, from the analytic Cardan’s formula, the only
one that satisfies those conditions is
M(rc, z, Q
2) =
[
2
√
−p
3
cos (
φ
3
+
4pi
3
)− a
3
]
where
p = b− a
2
3
, q = c− ab
3
+
2a3
27
, φ = cos−1
[ √
27q
2p
√−p
]
a = −
(
2Q2
3rc
+
5z2 + 1
6z2
rc
)
, c = −rcQ
2
12
b =
(
Q2
3z2 + 1
6z2
+
r2c
6
)
. (40)
This analysis is performed numerically in the follow-
ing manner: we set a domain D = (Q1, Q2) × (r1, r2) ×
(z1, z2), for each q ∈ D the roots of (39) are found. With
these roots at hand, we check whether the following con-
ditions are all satisfied: (i) r > 2M , (ii) r > r+, (iii)
2M2 > Q2 and (iv) Mr3 − rM2r2 + 6MQ2r − 2Q4 > 0.
The second and third inequalities guarantee that indeed,
we have circular and equatorial orbits; the fourth inequal-
ity guarantees stability of these orbits. As mentioned, it
turns out that the only root satisfying all the conditions
has the form given by (40). For given values of rc and
Q2, we search for the minimum and maximum value of
z for which these four conditions simultaneously hold,
this process yields bounds of the frequency shifts. For
Q = 0, the result for Schwarzschild (|z| < zb = 1/
√
2)
is recovered as it should be. Figure 4 shows the surfaces
zmin = zmin(rc, Q
2) and zmax = zmax(rc, Q
2). Only for
frequency shifts z such that |z| ∈ (zmin, zmax), the corre-
sponding values for the mass parameterM =M(rc, z, Q)
7are acceptable. We observe that the largerQ2 is, the nar-
rower the gap between zmin and zmax becomes. For large
Q2’s and small rc’s, zmin and zmax sharply increase.
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FIG. 4. The two redshift surfaces zmin and zmax as function
of the radius r of circular orbits followed by photon emitters
around a Gibbson-Maeda spacetime and its charge parameter
Q2 are shown. Only for redshifts z ∈ (zmin, zmax) the corre-
sponding values M = M(r, z,Q2) are acceptable. M , Q, and
r are in geometrized units and scaled by pM⊙ where p is an
arbitrary factor of proportionality .
Due to the condition (iii) 2M2 > Q2, as the
charge Q2 increases, the corresponding acceptable value
M(rc, z, Q
2) also increases. The upper plot of figure
5, shows M = M(rc, z, Q
2 = 10) and M >
√
5 as it
should be according condition (iii), the lower plot shows
M =M(rc, z, Q
2 = 70) and M >
√
35. M , rc and Q are
in geometrized units and scaled by pM⊙ where p is an
arbitrary proportionality factor. For Q = 0, the result of
the Schwarzschild black hole shown in the middle plot of
figure 1 with zb = 1/
√
2 is recovered.
IV. FINAL REMARKS
There have been efforts to find astrophysical signatures
of scalar fields. In [12] the following spacetime was con-
sidered
ds2 = −(1− 2M
r
)dt2 + e2ks
dr2
1− 2M/r
+r2
(
e2ksdθ2 + sin θdφ2
)
(41)
where
e2ks =
(
1 +
M2 sin2 θ
r2(1− 2M/r)
)−1/b2
Φ =
1
2b
ln
(
1− 2M
r
)
, (42)
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FIG. 5. Mass parameters in terms of redshift (z > 0) and
blueshift (z < 0) of photons emitted by particles in cir-
cular orbits of radius r around Gibbons-Maeda space-time.
The upper plot shows M(r, z,Q2 = 10) and the lower plot
M(r, z,Q2 = 70). M , r and Q are in geometrized units and
scaled by pM⊙ where p is an arbitrary proportionality factor.
with b an integration constant. As b → ∞, the scalar
field vanishes and the Schwarzschild black hole is recov-
ered. The metric (41) was employed to model the Sun
and the deflection of light rays passing nearby was com-
puted, the authors found that the current observational
errors for this effect set the limit b > 0.02. One of their
conclusions was that even if a scalar field of the form
(42) were actually present in the solar system, it can-
not be presently detected. If we apply HN formalism to
the metric (41) considering equatorial and circular orbits,
thenM =M(rc, z) and the bound for z would be exactly
the same as the one for the Schwarzschild black hole since
the components grr and gφφ are just the same. As a
matter of fact, any solution to the EMD theory that for
equatorial and circular orbits leaves grr = (1− 2M/r)−1
and gφφ = r
2 would yield the same results as for that of
the Schwarzschild metric.
From our analysis on the Chatterjee spacetime, we
observed that, for δ’s not close to unity, the departure
of our results from those of the Schwarzschild black
hole is noticeable and becomes truely apparent for
δ ∈ (1/√5, 1/2) where there are two frequency shifts
regions where there is a positive root M(rc, z) of (30)
corresponding to circular and stable orbits of photon
8emitters. For the Gibbons-Maeda metric, the bounds
of frequency shifts are two surfaces zmin(rc, Q
2) and
zmax(rc, Q
2) whose gap narrows as Q2 increases and rc
decreases their values, as shown in figure 4. It would be
interesting to apply this formalism to rotating dilaton
black holes [13] and contrast the results with those found
in [3] for the Kerr black hole.
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